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Abstract:  Curve and surface blending is an important operation in CAD systems, in which a non-uniform rational B-spline
(NURBS) has been used as the de facto standard. In local corner blending, two curves intersecting at that corner are first made
disjoint, and then the third blending curve is added-in to smoothly join the two curves with G- or G?-continuity. In this paper we
present a study to solve the joint problem based on curve extension. The following nice properties of this extension algorithm are
exploited in depth: (1) The parameterization of the original shapes does not change; (2) No additional fragments are created.

Various examples are presented to demonstrate that our solution is simple and efficient.
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INTRODUCTION

Curve blending between two sharply intersected
curves has a wide range of applications in CAD sys-
tems. Local curve blending is referred to as replacing
a chosen corner intersected by two curves with a new
intermediate curve that smoothly joins the two
original curves with G'- or G®-continuity. Usually a
small portion around the corner is removed first and
leaves the two curves disjoint from each other. Then
the two curves are smoothly joined by the third
blending curve. Many methods, in parametric or im-
plicit form, have been proposed (Vida et al., 1994;
Mo and Zhao, 2006). In this paper we propose an
efficient method for local curve blending, with the
following distinct feature: one original curve is ex-
tended to smoothly join the other one, such that no
additional blending curve is created. Another nice
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property is that the shape and the parameterization of
the two original curves will not be changed.

This paper is organized as follows. First, Sec-
tions 2 and 3 review the unclamping algorithm (Piegl
and Tiller, 1997) and the extension algorithm (Hu et
al., 2002), respectively. Section 4 presents our pro-
posed NURBS curve blending method using curve
extension. Parameter optimization in the proposed
blending method is discussed in Section 5. Some
practical examples are presented in Section 6. Section
7 provides some discussion and also analyzes the
limitations of the method. Finally Section 8 concludes
this paper.

UNCLAMPING ALGORITHM
A p-degree B-spline curve is
C(u)=>N;, (WP, 0<u<l,
i=0
with non-periodic knot vector

U :[0,...,0’up+1’...,un,1,...,1]I
— —

p+l p+1
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The knot vector can be unclamped at either end
(Piegl and Tiller, 1997). For example, for unclamping
the vector at the right end, the curve

Cw=3N,, WP,

U :[01‘”l0'up+l'”"un’un+l"”’un+1]
p+l p+1
can be represented by
CW) =N, , WP
i=0
u =[0!'”'O'up+l’”"un’un+1"”’un+p+1]'
p+l p+l
where P/ ’s are determined by
(1)Set P;'=P,, j=n—p+L--.n+p+1L
i-1 .
P/ j=n-p+Ll-n-i-1,
i i-1 i
(2) Py =4P; _(1_04,1)'31‘1, j=n-i,n,
a. .
]
u,.,—U
a =" b i=01, p-2:
ui+j+2_uj
P‘y j :0111”'1n_ p:
®) Pj’={pjp—z - 1
P j=n=p+L-n
CURVE EXTENSION ALGORITHM
To extend the curve
Cu)=>N,, (WP,
i=0
U :[0’...lolupﬂ,...’un,l,...’]_]
— —_—
p+l p+1

to a point py, two steps are involved:
Step 1: Unclamp the curve at the right end by

61(u)=iNi,p(u)Pﬁ,
[O P+1’ “’un’l'tl’“"tl]‘

p+1 p

Step 2: Add one knot t; into the right end of the
knot vector. Accordingly point p; is added as the last

control point P® of the extended curve

n+1

n+l
C‘“(U)=ZNi,p(U)F’i“),

[0 P+1’ . unilitli'“itl]i
P+1 p+l

where t; is
approximation

estimated by the chord-length

L=1+[IP, —p ill C(uy) =Cu)ll-

Note that the newly added curve segment in the
interval (1, t;] is influenced by the control point p;
only.

By repeating the above process, we let the curve
go through two more points p, and pz. Finally the
curve is

n+3

c“)(u):ZNi,p(u)R“),

=[0,+,0,Up e Uy Lt b
—
p+1 p+l

The curve segment in the interval (1, t5] is in-
fluenced by the control points py, p2 and pz only.

Note that the knot vector U; can be normalized
without a change of curve geometry as

u
=[0 LA u" l i—zl---,l].
"ttt

p+l

{:é
wl—P
- |

CURVATURE-CONTINUOUS CONNECTION

Basic principle
Consider two rational B-spline curves C(u) and
C(@) with a small gap in between. Let

HWw=>" N,Q, H@=>" N,Q be the ho-

mogeneous counterparts of the rational curves C(u),

C () of degrees p, P, respectively. We first extend

the curve H(u) to pass through three points qy, g2, gs.
Then the three newly added control points Qn+1, Qne+2,
Qn+3 of C(u) offer the necessary degrees of freedom
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(DOFs) to curvature-continuously connect two curves
C(u), C().

Let C(u) and C(T) be parameterized in [0, t3]
and [0, 1], respectively, and the two curves be con-
nected between C(t5) and C(0). We choose the initial
positions of qi, gz, g3 by linear interpolation:

- 1 2 2 1
0; = H(O)aqz =§H(t3)+§Q3l 0, =§H(t3)+§q3- (1)

For the three newly created control points Qn.1,
Qn+2 and Qn+3, We adjust their positions to achieve two
goals:

(1) Make two curves C(u) and C(T) curvature-

continuous.

(2) Optimize the curve by minimizing a fairing
criterion.

The advantage of the method is that adjusting the
positions of Qn.1, Qns2, Qnsa ONly affects the curve
segment parameterized in (1, t5], and thus the original
parts of the two curves are not changed.

In the following, let

C(U):_ni%,Ni,p(u)WiPi/gNi,p(u)Wi @

and its homogeneous version
RS _[A) wR
H () —;,Ni,p(U)Qi —(W(u)], Q= ( ] ®)

Denote that the curve after extension is parameterized
with the following knot vector interval:

U :[01'“101up+11“'5un515t11t21t31'“lt3]-
p+l p+l

Curvature continuity between two rational curves
The conditions of curvature continuity between

C(u) and C(r) are shown in (Wang et al., 2001) to be

H(t,) = o,H(0),

H'(t,) = o, H(0) + a, 5, H'(0),

H"(t,) = 22, H (0) + 2(at, 3, + o, B,)H'(0)
+a, A H"(0),

(4)

where ag, a1, az, f1, f» are constant, which give too
many unnecessary DOFs. To make a simple and in-
tuitive solution, we choose ap=1, a1=0,=0,=0, f1=p.
Then

H(t,)=H(0),H'(t) = SH'(0), H"(t,) = °H"(0). (5)

Since g, =H(0), H(t,)=H(0) is guaranteed
automatically. We leave one DOF p for curve opti-

mization by fairness.
The first derivative in Eq.(5) can be expanded by

n+2 _ Q|+1 Q

H'(u)= Z Ni,p—l (U)Qi(l) ) Qi(l) Y (6)

i+p+l i+1

By the property of endpoint interpolation

Qn+3 — Qn+2

H (t )= Qrgl+)2 = = l(Qms _Qn+2)’

n+p+3 ~ “n+3

where / is a constant. Similarly,

—=il < (7)

For the second derivative in Eq.(5), we have

n+l

H W)=Y N, ,(L)Q?,
_ Q¥, - o,

HY() = Q% = (p-1) 222

(8)

n+p+2 n+2

= Zn+3Qn+3 - ln+2Qn+2 + Zn+1Qn+1’

l\)

ND _ AW
Q|+1 Q

-U

H"(U)=” @A, QP = (-2 =%
=0 i+p+l

O _®  _
—p-ne =% 75,

P u,

i+2
H ”(0) = 6{52) - ;71(31 + ;7060-

9)
With Egs.(6)~(9), the system of Eq.(5) becomes
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W, =W, P, =P,
A,
Wi = Wis _ﬂZ(Wl _Wo) = Clﬂ +Cy,
W, A = =
_ 3 Yl W —
Pn+2 =—* F’n+3_ﬂ/I (Wlpl_WOPO)_VIIB+v2’
Wn+2 n+2
Zn+3 Zn+2
Wy =— Wi,z t+ W2
Zn+l Zn+1
2
(W, = 24 W, + 2, W,) = Csﬂ +Cys
n+1
2
_ ln+3Wn+3 //{n+2Wn+2 ﬂ
I:)n+1 - Pn+3 L — P +2 +
ln+l n+l n+1" " n+l n+1Wn+1
(2, W, P ZlWP + ZoWo P) —Vaﬁ TV,

(10)

where ¢; (i=1, 2, 3, 4) are scalar constants and v; (i=1,
2, 3, 4) are constant vectors.

CONNECTION OPTIMIZATION BY FAIRNESS

We use the value of f to optimize the connection
by minimizing a fairness objective. Note that this
optimization is done in the local area of connection;
the original parts of the two connected curves are not
changed. This is much desired in industrial applica-
tions. We regard it as the most distinct advantage of
our method.

The second order energy (Wallner, 2007)

E=[IC"@If du (12)

isused to measure the fairness of the extended curve

n+3 n+3

CU) =Y N, @WP, />N, (Ww,

with the knot vector

U :[01”'101up+11”'1un|1|t11t21t31"',t3].

p+l p+l

The system of Eq.(10) shows that Pp.3, W3 are
fixed, and that Pp+2, Wh+2, Pns1, Wne1 are polynomials
of 5. From Egs.(2) and (3), we have

w(u) = B¢, (u) + Bc, (u) + 5 (u),
W'(U) = B¢, (u) + Bes (u) + 6 (U),
W'(U) = B¢, (U) + Beg (u) + Co (U),
where ¢; (i=1, 2, ..., 9) denote known piecewise

polynomials of u. After some tedious but simple
calculations, we also have

S (U) + 2V, (u) + v, (u)
ﬂzcm (u) + Bey, (U) + ¢, (u) ’

C(u)=

where vi(u), vo(u) and va(u) denote known vector
polynomials of u, and

C'(u)=> BV, () /D By, ).
i=0 j=0
Let A(u)=w(u)C(u). Then it is immediately seen that

A"(u) = Z,B‘v11+i (u).
Since

A"(u) =w"(u)C(u) + 2w'(U)C'(u) + w(u)C"(u),

we have
iy = AW - (2w (U)VS(S;JHW (U)C ()
=3 BV 0) ] 3 B, (0).
Then h a
lc )" =(C"w)" ")

_ 2 (12)
N Zﬂlczsn (u) Zﬂjc“zﬂ' (u),

which is a rational polynomial function. With the
decomposition of rational functions into a sum of
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partial fractions, the evaluation of energy Eq.(11) has
a closed-form solution, which is a function E(f) of g,
and the minimum value of E(f) is readily obtained by
numerical methods (Press et al., 2002).

EXAMPLES

Fig.1 shows a G?connection of two disjoint
circular arcs. Only NURBS can exactly represent
circular arcs. The coordinates of three control points
of the first arc are (438, 450), (438, 250) and (638,
250), their weights being 1, 1 and 2, respectively. The
coordinates of three control points of the second arc
are (750, 370), (878, 370) and (878, 250), their
weights being 1, 1 and 2, respectively. Figs.2a~2d
show G2-connections with =0.01, 0.1, 1.0 and 5.0,
respectively. The fairness energy with =0.1 (Fig.2b)
is 1979.26. By applying the optimization method
proposed in the previous section, the optimal g is
found to be 0.084, where the fairness energy is
1978.92. Some portions of the minimization curve of
[ are shown in Fig.3.

With the tensor product property, one distinct
feature of our method is its natural extension to Fig.2 G*-connection of the two arcs in Fig.1 with dif-
NUBRS surfaces. Figs.4 and 5 give two industrial ferent g. (a) =0.01; (b) p=0.1; (c) p=1.0; (d) p=5.0
examples, where an isophote model (Poeschl, 1984) The control polygon with control points is shown in

. . dashed lines
was used to inspect the surface quality.
1988
19861
& 19841
2
w 19821
19801
go7gl— 0 v
) o . 978176 31 46 61 76 91 106121136 151
Fig.1 Two disjoint circular arcs needed to be G” joined B (x109)
The control polygon with control points is shown in dashed . . o
lines Fig.3 The extension energy function in terms of g

@) (©

Fig.4 G2-connection of two NURBS surfaces
(a) Two disjoint patches; (b) Extending the red patch to G2-connect the gray patch; (c) The isophote model of the
smoothly joined surfaces
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@

4
(b) ©

Fig.5 G2-connection of two disjoint portions in a car body
(a) Two disjoint patches shown in yellow and red, in a car body model; (b) Extending the red patch to G>-connect the
yellow patch; (c) The isophote model of the smoothly joined surface

DISCUSSION

Rather different from traditional blending
methods that usually plug-in the third curve segment
in the gap of two curves (Vida et al., 1994), our
method extends one curve to smoothly connect the
other curve. The extension is achieved in a strictly
local way that is much desired in practical applica-
tions. So, compared with previous blending work, our
method has the distinct advantage that it avoids cre-
ating unnecessary fragments of the small curve seg-
ment in between two disjoint curves.

The limitation of the proposed method lies in the
fact that the computation of the exact integral of the
rational function is very difficult. Currently we use
the software Mathematica™ to analyze the exact
integral. Things become much simpler if a B-spline
curve is used instead. That is, by putting wi=1 in
Eq.(2), the system of Eq.(10) reduces to

T
P :Pm Pn+2 :Pn+3_ﬂ7(P1_Po)v
P =_Zn+3 Pn+3 + Xni2 Pn+2

/’{m—l Zn+1
2

(13)

+ (7?2'52_771F_>1+)70|50)v

n+l

and curve C(u) becomes

n+3

Cu)=> N, (WP

with knot vector

U :[01"'1Oiup+1i""un’l’tlitzut3y"'yt3]-

p+l p+l

Then Eq.(11) becomes

n+l

2 Nip o (WR?

i=n-1

E(B) = j du+const, (14)

where P@, P® and P are all linear functions
of Pn+1 and Py, EQ.(14) is much simpler—it can be
shown that E(B) is a polynomial of 4 of order four:
E(B)=c,B" + Caﬂs +Cy 2+, B +Co,  (19)
where ¢; (i=0, 1, ..., 4) are all constant. Finding the

minimum of function E(f) in Eq.(15) is very sim-
ple—it is equal to solving a cubic equation:

E'(B)=p+aB’ +bB+c=0,

whose closed-form solution exists. This simplified
solution was first studied in (Zang et al., 2008) by a
different way.

CONCLUSION

In this paper we present a study on connecting
two disjoint rational B-spline curves with Gconti-
nuity. Different from previous work that inserts the
third curve fragment, our method possesses the fol-
lowing two distinct advantages:

(1) The shape and parameterization of two
original curves do not change. This is much desired in
many industrial applications.

(2) No additional fragments are created between
two disjoint curves, so the CAD data are kept as small
as possible.
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One more advantage is that our method is natu-
rally extended to make a G"-connection between two
rational B-spline curves and surfaces.

ACKNOWLEDGEMENT

The authors would like to thank Mr. Yu Zang for
generating the results shown in Figs.4 and 5.

References

Hu, S.M., Tai, C.L., Zhang, S., 2002. An extension algorithm
for B-splines by curve unclamping. Computer-Aided De-
sign, 34(5):415-419. [doi:10.1016/S0010-4485(01)001
08-7]

Mo, G.L., Zhao, Y.N., 2006. A new extension algorithm for
cubic B-splines based on minimal strain energy. J.
Zhejiang Univ. Sci. A, 7(12):2043-2049. [doi:10.1631/
jzus.2006.A2043]

Piegl, L., Tiller, W., 1997. The NURBS Book. Springer-
Verlag, New York, NY.

Poeschl, T., 1984. Detecting surface irregularities using iso-
photes. Computer Aided Geometric Design, 1(2):163-168.
[d0i:10.1016/0167-8396(84)90028-1]

Press, W., Teukolsky, S., Vetterling, W., Flannery, B., 2002.
Numerical Recipes in C++ (2nd Ed.). Cambridge Uni-
versity Press, Cambridge, UK.

Vida, J., Martin, R.R., Varady, T., 1994. A survey of blending
methods that use parametric surfaces. Computer-Aided
Design, 26(5):341-365. [doi:10.1016/0010-4485(94)900
23-X]

Wallner, J., 2007. Note on curve and surface energies. Com-
puter Aided Geometric Design, 24(8-9):494-498. [doi:10.
1016/j.cagd.2007.05.007]

Wang, J.,, Wang, G., Zheng, J., 2001. Computer Aided
Geometric Design. China Higher Education Press, Bei-
jing, China (in Chinese).

Zang, Y., Liu, Y., Lai, Y., 2008. Note on industrial applica-
tions of Hu’s surface extension algorithm. LNCS,
4975:304-314.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


