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Abstract:    Curve and surface blending is an important operation in CAD systems, in which a non-uniform rational B-spline 
(NURBS) has been used as the de facto standard. In local corner blending, two curves intersecting at that corner are first made 
disjoint, and then the third blending curve is added-in to smoothly join the two curves with G1- or G2-continuity. In this paper we 
present a study to solve the joint problem based on curve extension. The following nice properties of this extension algorithm are 
exploited in depth: (1) The parameterization of the original shapes does not change; (2) No additional fragments are created. 
Various examples are presented to demonstrate that our solution is simple and efficient. 
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INTRODUCTION 
 

Curve blending between two sharply intersected 
curves has a wide range of applications in CAD sys-
tems. Local curve blending is referred to as replacing 
a chosen corner intersected by two curves with a new 
intermediate curve that smoothly joins the two 
original curves with G1- or G2-continuity. Usually a 
small portion around the corner is removed first and 
leaves the two curves disjoint from each other. Then 
the two curves are smoothly joined by the third 
blending curve. Many methods, in parametric or im-
plicit form, have been proposed (Vida et al., 1994; 
Mo and Zhao, 2006). In this paper we propose an 
efficient method for local curve blending, with the 
following distinct feature: one original curve is ex-
tended to smoothly join the other one, such that no 
additional blending curve is created. Another nice 

property is that the shape and the parameterization of 
the two original curves will not be changed.  

This paper is organized as follows. First, Sec-
tions 2 and 3 review the unclamping algorithm (Piegl 
and Tiller, 1997) and the extension algorithm (Hu et 
al., 2002), respectively. Section 4 presents our pro-
posed NURBS curve blending method using curve 
extension. Parameter optimization in the proposed 
blending method is discussed in Section 5. Some 
practical examples are presented in Section 6. Section 
7 provides some discussion and also analyzes the 
limitations of the method. Finally Section 8 concludes 
this paper. 

 
 

UNCLAMPING ALGORITHM 
 
A p-degree B-spline curve is 
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The knot vector can be unclamped at either end 
(Piegl and Tiller, 1997). For example, for unclamping 
the vector at the right end, the curve 
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can be represented by 
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where iP′ ’s are determined by 
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CURVE EXTENSION ALGORITHM 
 
To extend the curve 
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to a point p1, two steps are involved: 

Step 1: Unclamp the curve at the right end by 
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Step 2: Add one knot t1 into the right end of the 
knot vector. Accordingly point p1 is added as the last 
control point )1(

1+nP  of the extended curve 
 

1
(1) (1)

,
0

( ) ( ) ,
n

i p i
i

u N u
+

=

= ∑C P  

1 1 1 1
1 1

[0, ,0, , , ,1, , , ],p n
p p

u u t t+

+ +

=U  

 

where t1 is estimated by the chord-length  
approximation  
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Note that the newly added curve segment in the 

interval (1, t1] is influenced by the control point p1 
only. 

By repeating the above process, we let the curve 
go through two more points p2 and p3. Finally the 
curve is  
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The curve segment in the interval (1, t3] is in-

fluenced by the control points p1, p2 and p3 only. 
Note that the knot vector U3 can be normalized 

without a change of curve geometry as 
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CURVATURE-CONTINUOUS CONNECTION 

 
Basic principle  

Consider two rational B-spline curves C(u) and 
( )uC  with a small gap in between. Let 
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mogeneous counterparts of the rational curves C(u), 
( )uC  of degrees p, ,p  respectively. We first extend 

the curve H(u) to pass through three points q1, q2, q3. 
Then the three newly added control points Qn+1, Qn+2, 
Qn+3 of C(u) offer the necessary degrees of freedom 
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(DOFs) to curvature-continuously connect two curves 
C(u), ( ).uC   

Let C(u) and ( )uC  be parameterized in [0, t3] 
and [0, 1], respectively, and the two curves be con-
nected between C(t3) and (0).C  We choose the initial 
positions of q1, q2, q3 by linear interpolation: 
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For the three newly created control points Qn+1, 

Qn+2 and Qn+3, we adjust their positions to achieve two 
goals: 

(1) Make two curves C(u) and ( )uC  curvature- 
continuous. 

(2) Optimize the curve by minimizing a fairing 
criterion. 

The advantage of the method is that adjusting the 
positions of Qn+1, Qn+2, Qn+3 only affects the curve 
segment parameterized in (1, t3], and thus the original 
parts of the two curves are not changed. 

In the following, let 
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and its homogeneous version 
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Denote that the curve after extension is parameterized 
with the following knot vector interval: 
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Curvature continuity between two rational curves 

The conditions of curvature continuity between 
C(u) and ( )uC  are shown in (Wang et al., 2001) to be 
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where α0, α1, α2, β1, β2 are constant, which give too 
many unnecessary DOFs. To make a simple and in-
tuitive solution, we choose α0=1, α1=α2=β2=0, β1=β. 
Then 
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Since 3 3(0),  ( ) (0)t=  =q H H H  is guaranteed 
automatically. We leave one DOF β for curve opti-
mization by fairness. 

The first derivative in Eq.(5) can be expanded by 
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By the property of endpoint interpolation 
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where λ is a constant. Similarly, 
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For the second derivative in Eq.(5), we have 
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With Eqs.(6)~(9), the system of Eq.(5) becomes 
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The above system can be solved by 
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where ci (i=1, 2, 3, 4) are scalar constants and vi (i=1, 
2, 3, 4) are constant vectors. 

 
 

CONNECTION OPTIMIZATION BY FAIRNESS 
 
We use the value of β to optimize the connection 

by minimizing a fairness objective. Note that this 
optimization is done in the local area of connection; 
the original parts of the two connected curves are not 
changed. This is much desired in industrial applica-
tions. We regard it as the most distinct advantage of 
our method. 

The second order energy (Wallner, 2007) 
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The system of Eq.(10) shows that Pn+3, wn+3 are 

fixed, and that Pn+2, wn+2, Pn+1, wn+1 are polynomials 
of β. From Eqs.(2) and (3), we have 
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where ci (i=1, 2, …, 9) denote known piecewise 
polynomials of u. After some tedious but simple 
calculations, we also have 
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which is a rational polynomial function. With the 
decomposition of rational functions into a sum of 
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partial fractions, the evaluation of energy Eq.(11) has 
a closed-form solution, which is a function E(β) of β, 
and the minimum value of E(β) is readily obtained by 
numerical methods (Press et al., 2002). 
 
 
EXAMPLES 

 
Fig.1 shows a G2-connection of two disjoint 

circular arcs. Only NURBS can exactly represent 
circular arcs. The coordinates of three control points 
of the first arc are (438, 450), (438, 250) and (638, 
250), their weights being 1, 1 and 2, respectively. The 
coordinates of three control points of the second arc 
are (750, 370), (878, 370) and (878, 250), their 
weights being 1, 1 and 2, respectively. Figs.2a~2d 
show G2-connections with β=0.01, 0.1, 1.0 and 5.0, 
respectively. The fairness energy with β=0.1 (Fig.2b) 
is 1979.26. By applying the optimization method 
proposed in the previous section, the optimal β is 
found to be 0.084, where the fairness energy is 
1978.92. Some portions of the minimization curve of 
β are shown in Fig.3. 

With the tensor product property, one distinct 
feature of our method is its natural extension to 
NUBRS surfaces. Figs.4 and 5 give two industrial 
examples, where an isophote model (Poeschl, 1984) 
was used to inspect the surface quality. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1  Two disjoint circular arcs needed to be G2 joined
The control polygon with control points is shown in dashed
lines 

Fig.2  G2-connection of the two arcs in Fig.1 with dif-
ferent β. (a) β=0.01; (b) β=0.1; (c) β=1.0; (d) β=5.0 
The control polygon with control points is shown in
dashed lines 

(a) 

(b) 

(c) 

(d) 

Fig.4  G2-connection of two NURBS surfaces 
(a) Two disjoint patches; (b) Extending the red patch to G2-connect the gray patch; (c) The isophote model of the
smoothly joined surfaces 

(a) (b) (c) 

1978

1980

1982

1984

1986

1988

1 16 31 46 61 76 91 106 121 136 151

Fig.3  The extension energy function in terms of β
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DISCUSSION 

 
Rather different from traditional blending 

methods that usually plug-in the third curve segment 
in the gap of two curves (Vida et al., 1994), our 
method extends one curve to smoothly connect the 
other curve. The extension is achieved in a strictly 
local way that is much desired in practical applica-
tions. So, compared with previous blending work, our 
method has the distinct advantage that it avoids cre-
ating unnecessary fragments of the small curve seg-
ment in between two disjoint curves. 

The limitation of the proposed method lies in the 
fact that the computation of the exact integral of the 
rational function is very difficult. Currently we use 
the software MathematicaTM to analyze the exact 
integral. Things become much simpler if a B-spline 
curve is used instead. That is, by putting wi=1 in 
Eq.(2), the system of Eq.(10) reduces to 
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and curve C(u) becomes 
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Then Eq.(11) becomes 
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of Pn+1 and Pn+2. Eq.(14) is much simpler—it can be 
shown that E(β) is a polynomial of β of order four: 
 

,)( 01
2

2
3

3
4

4 cccccE ++++= βββββ      (15) 
 
where ci (i=0, 1, …, 4) are all constant. Finding the 
minimum of function E(β) in Eq.(15) is very sim-
ple—it is equal to solving a cubic equation: 
 

3 2( ) 0,E a b cβ β β β′ = + + + =  
 
whose closed-form solution exists. This simplified 
solution was first studied in (Zang et al., 2008) by a 
different way. 

 
 

CONCLUSION 
 
In this paper we present a study on connecting 

two disjoint rational B-spline curves with G2-conti-
nuity. Different from previous work that inserts the 
third curve fragment, our method possesses the fol-
lowing two distinct advantages: 

(1) The shape and parameterization of two 
original curves do not change. This is much desired in 
many industrial applications. 

(2) No additional fragments are created between 
two disjoint curves, so the CAD data are kept as small 
as possible. 

Fig.5  G2-connection of two disjoint portions in a car body 
(a) Two disjoint patches shown in yellow and red, in a car body model; (b) Extending the red patch to G2-connect the 
yellow patch; (c) The isophote model of the smoothly joined surface 

(a) (b) (c) 
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One more advantage is that our method is natu-
rally extended to make a Gn-connection between two 
rational B-spline curves and surfaces. 
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